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FOREWORD 


The  work  reported  here  was  undertaken  as  a  part  of  RAC 
Project  91.1.5:  “Limited  War  Capability  Study  -  i967,"The  anal¬ 
ysis  had  not  been  sufficiently  advanced  at  the  termination  of  that 
project  to  ailow  the  findings  to  be  considered  for  Inclusion  in  the 
overall  report. 

The  decision  to  undertake  this  analytjis  was  made  by  Dr. 
Wllt)ur  B,  Payne,  coordiria, tor  of  the  study,  who  saw  its  usefulness 
as  guidance  for  certain  technUiuos  of  analyzing  or  simulating  the 
results  of  war  games.  Dr.  Payne  followed  this  work  closely  and 
provided  considerable  aid  in  establishing  original  guidelines,  in 
interpreting  preliminary  results,  and  in  developing  the  conclu¬ 
sions.:  Dr.  Philip  H.  Lowry  has  provided  valuable  assistance 
throughout  the  study.  Kls  long-standing  interest  in  analysis  of  the 
tables  in  Bodart’s  I^exihon  was  an  Important  part  of  the  initial 
stimulus,  The  author  has  benefited  materially  from  discussions 
with  other  Yorkists  and  Lancastrians  on  the  RAC  staff,  particu¬ 
larly  Dr.  Hugh  M,  Cole  and  Dr.  George  S.  Pottoe.  In  the  end,  how¬ 
ever,  the  responsibility  (or  errors  of  analytical  procedures,  of 
data,  and  of  findings  lies  solely  with  tho  author. 

The  author  Is  grateful  to  Mr.  George  E.  Clark  Jr.  and  to  the 
staff  of  the  Computation  latboratory  for  expeditiously  transferring 
a  mass  of  data,  in  Bpdart  to  punched  cards,  and  .(or  assistance  in 
programming  the  analytical  routines  for  execution.  He  Is  obliged 
to  the  staff  of  the  Strategy  and  Tactics  Analyols  Group,  and  par¬ 
ticularly  to  Mr.  Daniel  Belsole  of  the  Computation  Division,  for 
most  thoroughgoing  cooperation  during  tho  trial  and  execution  of 
the  program  on  their  IBM  70110.  Finally,  he  thanks  Dr,  Irving  H. 
Siegel  who  tolerated  this  diversion  In  his  Division. 
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SUMMARY 


PROBLEM 


Without  prejudice  to  the  hypothesis  that  either  of  Lanchester's  laws— 
linear  Of  square— accurately  depicts  the  attrition  ol  lorces  over  short  periods 
of  time  in  the  engagements  of  small  land-combat  units  (e.g.  platoons  or  com¬ 
panies),  it  inay  be  asked  whether  an  elementary  form  of  these  laws,  or  a  siinph 
generallziition  of  them,  adequately  describes  the  course  aii^d  outcome  of  battles 
between  armies.  Specifically,  the  goal  of  the  inve.stlgation  reported  here  was 
to  determine,  by  an  examination  of  historical  military  data,  the  extent  to  which 
Lanchester’s  equations  are  an  expression  of  a  general  property  of  battle, 

'  '■  '■ 

DACKGUDUND  X 


In  order  to  simulate  combat  (as  with  a  war  game)  or  to  Interpret  the  re-  \  ■ 
suits  of  combat  real  or  siniulatccl  it  is  desirable  to  have  a  set  of  critierla  , 
that  will  help  to  ae:;,wer  the  question;  “Which  side  Will  win  this  battle?”  Tim 
criteria  should  be  objective:  l.c.,  expressed  In  forms  of  observables  such  as 
Uie  inimher  of  casualties  caused,  prisoners  cai«tii red,  territory  controlled,  oi 
other  tangible  evidence  of  a  victorious  posturCi.  Simplicity  of  application  uf  ; 

the  edtoria  also  argvios  that  tliey  should  be  quantitative,  and  among  the  simplest'  |i 

moasvu'GH  of  attrition  Of  forco.s  are  those  projiosed  by  F.  W.  T,anclieslGr'  in  the  „  i; 

form  of  the" equations  that  boar,  his  name.  i. 

In  attempting  to  apply  Lanchester’s  equations  to  the  outcome  of  war  games 
it  was  fovind  necessary  to  invoke  some  principle— historical  precedenl  v/as 
clioson- in  order  to  fix  the  values  of  certain  quantities  in  a  generalized  form 
of  ih'-*  c'qiu\tion.s.  Wei.ns*  has  cnrrlod  nut  the  only  comparaOle  analysis;  for  a 
small  . suinfoo  of  recent  battles  he  presents  evidenee  of  the  relevance  of  Lan- 
chesto.r’D  sqo.iro  law  On  the  other  hand  he  (iiiesMon.s— .and  so  does  Snow’— the 
validity  oi  Unoar  or  square  law  when  applied  to  arbitrary  land  battles.  Helm- 
bold''  has  derived  some  of  the  parameters  of  92  battles  from  an  extended  period,* 
but  he  assumes  that  the  battles  analyzed  ncco.ssarily  belong  to  a  particmlar 
Laiu'hestcr  .species  (again  the  .squaf  e  Jaw).  The  malor  surveys  of  the  .stati.stlca 
of  aj'mecl  eombai  (up  to  or  including  WWII)  li.iv.  Ijeeii  largely  limited  to  the 
(uiHus  beili  and  not  to  the  (drcum.staiiccn  that  led  to  the  termination  of  combat."’'' 


It  wa.s  not  po.q.siblo  in  the  time  avaihiblo  to  oxpi.scate  from  their  diverse 
.sources  the  appropriate  details  of  modern  battles;  on  the  othui'  hand,  BodarU 


i.ii.mI  Mih..iri.-.i..l  (ini'l  (if  iiin  w..rl.  .Itfl  ii.'it  t.')  riiir  .nttnnlinn  until  thin  paper  wiin  in  proof.  It  up- 

|uiarn  llwU  liir  rofiEhiHioitN  ni  l(4*f  4  <>f  Uitw  Khuiy  iirr  t:(ini|ilniuuiitnryi 
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has  provided  a  comprehensive  statistical  survey  of  300  years  of  warfare 
(through  the  Russo-Japanese  War).  The  results  reported  here  have  been  de¬ 
veloped  from  his  tables.  Smith  and  Donovan”  made  an  examination  of  the  .same 
source  for  the  casualty  ratios  and  the  effect  of  force  ratio  on  chances  of  vic¬ 
tory;  otherwise  the  source  e.xamlned  here  appears  to  be  a  fallow  field  and  the 
treatment  given  It  in  this  paper,  unique. 

DiacfiasioN 

For  a  quick  reading  of  this  paper  the  reader  in  directed  to  the  “Intro¬ 
duction”  and  to  Secs  1  and  4.  Here  he  will  find  aidescrlptlon  of  the  data  ex¬ 
tracted  from  Bodart,  tlje  methods  of  grouping  the  battles  for  analysis,  and 
four  tables  (Tables  2,  3,  6,  and  8)  that  could  be  developed  without  regard  to 
any  one  theory  of  battle.  The  battles  were  assigned  to  either  of  two  categories: 
I,  meeting  engr.genien's  and  similar  combat;  II,  sieges,  attacks  on  fortified  po¬ 
sitions,  and  similar  combat.  No  explicit  designation  of  either  combatant  as 
attacker  was  made,  although  for  the  battles  of  Category  11  the  attacker  was 
generally  the  stronger. 

Table  2  shows  that  Category  I  combatants  joined  battle  most  frequently 
when  tlie  force  ratio  was  nearly  1  to  1,  rarely  at  disparate  strengths.  Accord¬ 
ing  to  Table  3,, victory  In  a  Category  I  battle  was  almost  Indepbndenl  of  force 
ratio.  For  Category  U  the  reverse  was  true;  force  ratio  had  little  to  do  with 
the  joining  of  battle  bvit  rather  more  with  the  oulcome  of  the  battle, 

.  Table  8  shows  that  for  the  84  most  recent  hattlos  of  Category  I  force  ratio 
has  no  effect  on  outcome  until  it  exco^ids  4  to  1. 

Though  It. has  nothing  to  do  with  force  ratios,  Table  Orshows  liow  frequently 
bloody  battles  have  occurred.  To  enter  the  table,  one  musi  first  compute  the 
ratio  of  killed  and  wounded  to  Initial  strength  for  ea(;h  side  and  select  the  larger 
number.  In  the  table  he  will  find  th.e  fraction  of  the  battlejf  studied  for  which 
this  number  Is  less  than  selected  values.  il  ' 

The  results  that  deal  with  force  ratio  have  an  Important  bearing  on  the 
rest  of  the  paper:  if  force  ratio  has  little  effect  nn  outcome  of  battle,  Lf.in- 
ohoater’s  equations  cannot  be  expected  to  be  well  validated. 

Forgot  this  particular  warning  temporarily.  It  Is  still  not  at  all  obvious 
that  either  the  linear  law  or  the  square  law  Is  correct  ao  a  rule.  A  first  step 
In  the  direction  of  generalization  Is  the  construction  of  a  form  of  the  equations 
that  contains  the  two  laws  as  special  ciisos.  From  initial-  and  final-.slrength 
data  for  balHc.s  to  which  this  general  form  does  apply,  it  is  possible  to  deter  * 
mine  the  value  of  a  parameter  of  the  cquatloiis—horc  called  y— \vl)lch  di.stin- 
gulshes  among  linear,  square,  and  "intermocllatn"  laws.  Mr'thnrt.s  for  finding 
the  best  value  of  y  and  for  finding  how  well  tlie  theory  supports  the  data  are 
described  In  Secs  2  and  3;  the  results  of  thu  teat.s  are  reported  and  dl.scuased 
In  Secs  5  and  6. 
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Findings 


(a)  Results  are  insensitive  to  the  choice  of  y,  but  if  it  has  a  single  best 
value  this  value  Seems  to  imply  that  the  rate  at  which  one  side  suffers  cas¬ 
ualties  increases  as  its  opponent’s  strength  is  reduced.  This  description  of 
an  effect  is  not  to  be  taken  as  an  explanation  of  it.  The  observation  holds  for 
each  Category  when  it  is  con-sidered  intact  and  also  when  it  is  split  into  a  few 
sections  chosen  according  to  the  year  of  the  battle,  the  combined  strength  of 
opponents,  the  force  ratio,  or  the  ratio  of  casualties  to  initial  strength.  (For 
an  exception,  see  b.)  The  effect  Is  more  pronounced  for  battles  of  Category  D. 

(b)  Those  battles  in  which  the  exchange  ratio  is  most  nearly  unity  (as 
computed  from  linear  or  square  law)  also  show  the  nearest  fit  to  these  laws. 

An  interesting  by-product  of  the  analysis  of  Sec  5  is  the  table  (App  B)  of  thosei 
battles  in  Category  1  which  naost  nearly  fit  these  laws.  With  the  exception  of  , 
Blenheim  and  Marengo  they  seem  historically  insignificant. 

(c)  Some  evidence  suggests  that  the  rate  of  attrition  of  the  winner 'a  forces  ■  ' 
depends  on  the  loser'.?  strength  in  a  manner  different  from  the  dependence  of 
the  loser’s  casualty  rg.te  on  the  winner’s  strength.  An  extreme  example  of 

this  effect  would  bo  that  battle  in  which  the  loser  presents  himself  as  a  target 
according  to'  the  linear  law  while  the  winner  appears  as  a  square-law  target. 

Of  course  the  statistical  testa  reported  here  support  no  such  clear-cut  differ¬ 
entiation,  nor  is  thcre"any  Blniplc  interpretation  of  this  result. 

(d)  The  findings  in  a  and  c  are  insensitive  to  errors  of  10  percent  In  the 
casualty  data,  as  demonstniteci  by  altering  these  numbers  either  systematically 
or  randomly  by  such  amounts. 

(e)  A  stochastic  versidh'iof  Lanchester’s  equations  cprreqfly  "pv edicts”  ^ 
the  outcome  of  8  battles  out  of  10,  where  sheer  chance  would  give  correct  re¬ 
sults  for  5  battles.  It  was  possible  to  achieve  this  accuracy  by  using  a  value 

of  the  exchange  ratio  computed  from  final  and  Initial  strengths. 

(f)  As  a  result  of  e  the  stochastic  theory  can  bo  “asked”  to  predict  the  v 
contents  of  Table  3.  The  results  are  shown  in  Table  14.  It  will  be  Seen  that  ' 
the  battles  of  Category  11  are  rather  well  explained,  but  those  of  Category  1  are 
less  successfully  explained  because  theory  predicts  a  dependence  on  force  ratlo> 
The  results  of  e  and  f  are  entirely  Unaffocted  by  a  choice  of  r- 

(g)  The  exchange  ratio  has  proyed  a  mercurial  concept,  leading  to  sev¬ 
eral  unfruitful  analyses  at  the  early  iitages  of  this  shidy.  A  method  of  comput- 
•Ing  It  for  a  single  battle  served  as  a  control  in  two  tests  (b  and  e),  but  attempts 
to  Isolate  fi  best  value  for  a  Category  or  a  subcategory  were  unsuccessful. 

CONCLUSIONS 


1.  Since  the  battles  of  Category  11  show  a  higher  correlation  will>  theory 
than  do  those  of  Category  I,  the  propertle.s  that  differentiate  those  groups  may 
provide  a  Key  to  better  understanding  of  attrition  of  forces  in  land  warfare. 


SUMMARY 


One  of  these  properties  may  be  posture  (offensive  or  defensive),  but  alone  it 
is  insufficient  to  achieve  actrord  between  facts  and  theory. 

2.  In  general,  force  ratio  has  had  little  to  do  with  determining  the  out¬ 
come- of  the  battles  studied. 

3.  Lanchester’s  square  law  is  the  poorest  among  poor  alternative  choices 
of  deterministic  laws,  though  results  are  insensitive  toy,  , 

4.  By  elimination  it  is  presumably  the  exchange  ratio  F  that  has  controlled 
the  outcome  of  these  battles  and  is  in  some  fashioti  responsible  for  the  extent 

to  which  a  stochastic  form  of  the  theory  explains  Table  ,3.  Although  Lanchester 
offers  an  expression  that  apparently  yields  by  hindsight  a  satisfactory  e.stimate 
of  E  there  is  no  tlieory  for  E.  The  writer  concludes  that  in  the  absence  of  any 
method  of  predicting  E  reliably  there  Is  little  value  in  a  simple  version  of  Lan- 
chnstcr’s  equations  as  a  predictive  tool  where  the  only  known  quantities  arc 
initial  strengths. 

Since  those  conclusions  are  mainly  negiUlve  Jn  oharnctcr  they  are  really  questions 
to  be  asked  about  the  oiilcomc  of  more  recent  batllo.s.  Considering  that  the  largest  pol- 
leetion  of  battles  yot  nniilyzod  yields  the  Inmost  defeiiso  of  Lanchester,  it  may  be  asked  if 
t'licso  results  do  nel  simply  furtrfsh  an  additional  proof  that  largo  quantities  of  modloero 
data  arc  no  subsllliitc  for  a Hm'ito(l  iVmonnt  of  accurnto  dataV  Maybe,  but  there  Is  strong 
reason  to  lioHevo  Ibal  the  testing  of  conloinpoi-nry  battles  agahist  those  findings  would 
be  Inconclusive  if  it  were  to  roly  on  a  small  cnmnllly  of  data,  whatever  the  quality. 

As  n  photograph  can  be  misleading  boenusu  the  third  dimension  has  boon  sup- 
piossod,  so  premiiTinbly  tlio  poenljai'  resnlls  doserllx'd  above  a rn  poeuHar  bocauso  iho 
theory  lacks  an  essential  dimension—a  liyiwlhoHtn.  It  is  unlikely  that  poor  data  aro  en¬ 
tirely  responsible,  though  nioro nnd  bolter  data  can  shod  the  light  that  converts  n  two- 
dimensional  Illusion  into  a  nionulngriil  lhrerj-dJmena(onal  reality. 

At  the  prosonl  time  no  snllifaetory  e.xplnnailon  of  the  deficiencies  of  Lanohcsler's 
equations  Is  known.  The  follow}.iig|!on)eciure  Is  unsnpporlcd  but  open  to  testing;  Al¬ 
though  human  behavior  pntterna(cc(tmtrainlB)  oxlsf  for  which  there  are  slntlalicn)  laws, 
the  olnsBle  sliratioas  to  which  the  linear  or  tho  squm  o  law  may  bo  oxpoclod  iio  apply 
(Wol.bs^)  represent  bailies  la  which  the  funellons  of  commniid  and  co.ulr-ol  seem  to  bo 
missing.  The  equations  seem  to  bo  averaging  over  tlohumimlKod  ovonla.  If  this  Is  so, 
than  a  probabilistic  theory,  If  It  predicts  that  the  most  likely  stale  of  affairs. is  con¬ 
formity  to  Lanchbslor’s  oquattons,  may  bo  eoriuvol  only  in  Iho  nbsonou  of  ooniinaiul  or 
of  opportunity  tor  effeollvo  control.  Tin-  prcsonce  of  ihcso  factors  may  mako  conform¬ 
ity  least  likely.  * 

5.  Without  prejudice  to  the  status  of  Ijiinchoster’s  equations  as  they  refer 
to  small  units  In  combat.  It  Is  felt  that  Ju.stlflc:Ulon  for  their  use  in  large-3cal\ii 
sltuatiotiB  has  not  been  domonsfrated. 


n  Jilf-rcnt 
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I 

m 

mo 

m; 

me 

n 

wo,  Wf.  M, 

N(u)') 

Rc 

R/ 

t 

Vs 

w 


y 


/3 

y 


s 


p 

Pry 
Pry,  J 


<7 


2 

s 


actual  number  of  battles  won  by  the  stronger  side 

(differential)  exchange  ratio 

me/mo 

Wc/wo 

unknown  function  in  Lanchcstcr’s  equations, 
number  of  groups  ' 

(integral)  exchange  ratio  (=  E'/i'+y)) 

instantaneous  numbers  of  combatant  ti'oops  in  Red  army,  usually  the  loser 
value  of  m  at  beginning  of  battle 
value  of  m  at  end  of  battle 
Red  casualties  (^mo-wif) 

instantaneous  numbers  of  combatant  troops  in  Blue  army,  usually  the  winner 
see  mo,  mp  m^  above 
number  of  battles  with  w  <  w' 

probability  that  Blue  (or  stronger)  will  win  if  ip  =  ip' 
larger  of  (itc/tio)  (twe/mo) 
larger  of  (no/mo)  and  (mo/no) 

time  or  timelike  quantity,  or  “Student”  ’s  statistic 

expected  number  of  battles  won  by  stronger 

the  variable  used  in  Brov/n’s  theory  to  predict  victory 

log  n^/mc,  the  independent  variable  in  correlation  analysis;  also  m:  in  App  A 
log  mo^o  or  log  mo.  dependent  variable  in  correlation  analysis;  also  n/z  in 
App  A 

log  ito  1  dependent  variable  in  correlation  analysis;  also  iK  =  E'/t^d  +  y))^ 
para,,  etcr  in  Brown’s  equations 

exponent 'lescribing  loser’s  effectiveness  in  asymmetric  Lanchester  equations 
exponent  describing  both  opponents’  cffectivciicss  in  symmetric  Lanchester 
equations 

exponent  describing  winner’s  effectiveness  in  asymmetric  Lanchester  equations 
log  E  in  correlation  analysis 
chi  squared,  Pearson’s  statistic 
correlation  coefficient,  generally 

correlation  coefficient  describing  dependence  of  r  on  y 
partial  correlation  coefficient  describing  dependence  of  r  on  y  when  z  is 
held  fixed 

variance  of  number  of  battlco  won  by  stronger 
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INTRODUCTION 


To  determine  the  historical  influence  on  the  outcome  of  battle  of  a  “force” 
or  “constraiiit”  as  expressed  in  Lanchbster’s  equations,'  the  initial  and  final  j 
strengths  of  combatants  were  analyzed  in  almost  1500  land  battles,  fought  n'lostlsi 
by  Europeans  On  Pluropcan  soil  from  IhUi  to  19U!).  i 

The  source  of  the  data  is  Bodart’s  Militiir-liistoriSchcs  Kriegs-Lexikon,'^'; 
well  Known  for  its  compleioness  and  accuracy,  from  wliich  a  sample  page  has  ,| 
been  reproduced  as  Fig.  1.  The  strength  and  casualty  figures  reported  by  ! 
Bodart  were  transferred  to  punched  card.s,*  along  with  tags  identifying  the  ; 
winners  and  losers,  the  completeness  of  t!ie  data,  the  category  of  the  battle  :! 
(.see  Sec  1),  and  the  pa:ge  reference  In  tiie  Lexlkun  (whore  battles  are  listed  ;i 
chronologically),  The  designation  of  a  given  combatant  as  winner  was  Bodart|s 
and  presuhiabJy  reflect.^  the  judgment  ul  historians  generally. 

A  sol  of  statistical  tc.st.s  wa.s  chosen  atid,  on  account  of  the  magnitude  of 
work  anticipated,  programmed  for  an  IBM  709C)  tromputer.  In  .Scc.s  2  and  3  tivb 
Lancliostor  equations  are  translated  into  forms  suitable  for  use  in  thb^ reduction, 
of  the  data  luul  for  comparison  with  the  data.  SectlDn  4  presents  some'  stati.s  ' 
tical  ^ummaric.s  requiring  for  their  caleulalion  no  parliculai’  theory  of  battle, 
and  reports  of  the  analysis  bused  on  the  determlnislic  and  the  stocliastlc 
forms  of  Laneliester’s  equations  are  given  ip  Secs  5  and  6,  respectively. 


l.  DATA 

For  this  study  all  the  sea  battles,  as  well  as  those  land  battles  for  which 
the  initial  strength  tif  at  least  one  of  the  combatants  w.a.s  missing,  were  deleted 
from  Bbdart’s  list,  leaving  ns  the  sample  the  numbers  of  battles  reported  In 
Tablfl  1.  To  .simplify  the  analysis  tho.so  battlon  that  could  be  roughly  described 
as  meeting  engagements  wbro  grouped  liilo  Category  I  (Bodart’.s  cla.nsesf 
Iroffon.  gofeclit.  and  .schlacht)  and  those  which  were  sieges,  attacks  on  forts, 
etc.,  in  Category  II  (Bodarl’s  classes:  belagprunB,  olnnalimo,  er.stlirpiunBi 
kapltulatlfin,  and  i'lbci'falD.I  Two  clas.ses  (if  casualties  wore  recognized; 

“dead  and  wounded"  collectively  and  “missing  and  eaptured.”  If  only  one 
number  was  given  for  total  lo.sao.s,  and  the  text  did  not  indicate  to  the  con¬ 
trary,  thlsnumbor  was  recorded  under  the  “d(!ad  and  wounded"  heading.  .Since 
such  an  aggregation  of  data  was  more  likely  t(;  occur  for  the  winner  tlian  the 
loser,  the  classificaticiii  is  probably  in  accord  with  reality.  Although  the  cas¬ 
ualty  figures  used  in  the  analy.si.s  were  those  of  the  first  typo  unle.ss  otherwise 

of  lIuH  t’iird  <tc*('k  nrr  nvnilnblr. 

I  Ihc.'jc  ure  nnl  lo  l)o  confuHCil  wilh  tbuhiri’H  ui\  (.iilrgorlc-H,  wincit  nr^  fipfinn«i  by  uip  tnini  niinibrr  of 
oiiHUfilticH  fill  liotb  nifinn. 
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indicated,  many  of  ttio  conclusions  of  this  study  do  not  lean  on  casualty  data, 
and  the  a.nalytical  rcHiilts  arc  mainly  independent  of  this  ehoice. 


'I'AHI.K  1 


NUMnKn.s  OF 

BAm.F.S  I)F,TAI!,KI) 

IN  Bodaht 

Category  1, 

( Intogory  11, 

Condition 

ongngnmenlN 

Hiogca 

i'nlRl 

Initinl’ntrcngtK  ilrtla'' 

fl2 

323 

40.'i 

Hoth  iiiititil'fltrcngth 

iuid  ciiaunlty  doln^ 

939 

149 

lOHR 

'!  iiiul 

472 

149.3 

”Only  iiiitiiil-Ntrcn^tli  dnla  tiviiilublc. 

t^Roth'initiiii-Hlpeiiylh'niKl  cnHiialty  finite  iwuiiiiblfi  for  hotl;  .oiilcN. 


2.  TIIEOUY;  CORRELATION  ANALYSIS 


Assume  that  eacli  of  the  battles  for  which  there  aro  initial-  and  filial- 
strength  data  represents  a  possible  solution  to  a  generalized  Lanchester  law: 

dt 

<f(  , 

whore  m  is  the  instantaneous  strength  of  the  loser  (Red),  and  h  of  tlio  winner 
(Blue),  Is  a  term  synimwtric  under  interchange  of  m  and  n,  E  is  some  ' 

power  of  the  exchange  ratio,  i  is  a  timeUko  variable,  andy  is  an  exponent 
whose  value  determines  the  form  of  the  law.  If  y  =  1  the  square  law  obtains, 
and  if  y  "  0,  the  linear  taw.* 

It  can  be  argued  that  a  real  battle  consists  of  many  small  frays.  In  tact, 
Lanchester  himself  so  argaicd.  Were  each  fray  to  satisfy  all  the  requirements 
of  tlH3  linear  law  or  square  law,  while  collectively  they  were  to  display  a  spec¬ 
trum  of  values  of  the  parameters  in  Lanchestor’s  equations,  one  would  expect 
the  qyerall  effect  to  be  “Intermediate’’  to  a- pure  case  of  y  =  0  or  y  =  1.  If  this 
Were  in  fact  true,  then  an  appropriate  method  of  averaging  such  a  set  of  data 
as  Bodarfs  should  yield  an  “effective”  value  of  y  .somewhere  between  0  and  1. 
This  section  and  the  one  following  are  devoted  to  hiethods  of  deriving  an  effec¬ 
tive  value  of  y,  whatever  the  circumstances  that  generate  It.  (The  question  of 
the  c.xlstencc  of  an  effective  value  of  E  Is  dlHcusBod  in  Sec  5.t) 

Since  (a)  tho  durations  of  the  confUcts  were  not  well  reported  and  (b)  the 
relation  between  the  •v.irlable  i  and  actual  time  involve.s  additional  Unknown  cm- 


'’Morna  find  Kirnbiill*^  iikhuiiic  -  •-  I  for  liulli  iuvy».  WniHa^  inker,  fl  ...  1  Inr  die  H(|imre  Inw,  q  «  mil  for  ihc 
linciir  liiw. 

1  li  mil  rilHfv  bn  iirguoti  ihol  b»-t»’rnp,f'nrity  of  hellle  itnpiioe  8o  tininplicnind  a  ^ancrali Tintinn  o(  l»nn- 
rquulionn  an  lo  eaat  oii  thnir  ulililyt  ^ipc  ^nnwd  ami  Sniiib.  15 
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pirir.al  parameters,  time  has  not  been  used  as  a  datum.*  Rather  this  iptegral 
of  £q  1  was  used; 


li  - 


"o  ~"f 

,.1+y  ' 

'"o  “f 


(2) 


which  Is  independent  both  of  t.and  of  the  function  fl.  (The  subscript  o  refers  to 
initiai  strengths,  subscript  f  to  final  strengths.) 

One  method  of  averaging  involves  an  approximation  to  Eq  2,  It  may  be 
rewritten  ! 


(3) 


tlf  Hr 

where  . 

«(>  «o 

''  f  .!!:£■  ■  1'  • 

im  ’  ‘  I 

™0  ™0  .  Jl 

»  casualties  to  Blue  and  Rod,  rospoctively 
Since  in  90  percent  of  the  battles  "of  Category  I  both  and  [„  were  less 
than  %  (sec  Table  B)  the  left-  and  right-hand  sides  of  Eq  3  can  be  expanded  by 
the  binomial  theorem,  keeping  only  the  leading  terms; 


or 


(I  f,  .  .)  »  (1+  , 

■  (;  ioK —  '  Ins  I:  I  y  loR  4  , 

li  .  m,  Mg 


.1 


or  witli  an  obvious  substitution: 


i  «f+yy. 


(4) 


Equation  4  was  used  to  dorlvo  y  by  linear  regression,  The  results  are  re¬ 
ported  in  Sec  5t  . 

To  express  the  possibility  that  winner  aiid  loser  may  fight  differently  in  a 
Lanchestor-type  situation,  Eq  1  may  be  modified  as  rnllnws; 

di  ' 


(5) 


*AHBiif,iijng  for  lliR  moiiiRKt  lliiil  K  I,  Irt  m  «  r  coh  0  ontl  /i  «  r  nin  0,  TIxmi  WcUb’  fnrmulfltioii  of  Uie  Iwo 


lawti  Icndii!  tn 


dn  dm  n  , 

m - n  — 

dt  dt  dt 


indicMtinglhnt  th«  rale  whiith  nrnn  iff  Hwr|il  out  by  tbf!  rritihiM  tirnwii  from  ihc  origin  to  tlir.  pnim  with 
t.nrtrfiinn  Voortiiiialt^n  fnt,  n)  in  iiHlcpnmlRnl  nt  limc.  in  llir  Hqucirr>lnw  crhc,  bill  m  ii  tircrnaHirig  fiiricl'.nn 
nf  ihn  (iinr  in  tlin  iiiimr  cAnc.  Knowlofigc  of  tlic  nuMiintlicH  iit  n  timr  timt  HptitR  ihct  liiittld  into  known  frnc* 
ilnriH  In  tliiiH  tho  bitHiN  of  r  (ijbnrpcr  tnnt  for  y. 


il 


Then  the  analog  of  Eq  2  is 


it  fi  ji 


1  ifi 
n 


-- « 


1  ifi 
f 


1  iS 


'■<P 


-m 


Uft 

f 


and  of  Eq  4  is 


log— f  e=  loR  H-t-fi  log  mg  — log  riQ 


or  by  an  obvious  substitution: 

X  •=•  e+Py-Hz  ■  (6) 

The  results  of  the  regression  analysis  using  Eq  6  are  also  reported  in  Sec  5, 


3.  THEORY:  STOCHASTIC  1.ANCHESTER  EQUATIONS 

"  A  more  elegant  treatment  results  from  dropping  the  assumption  of  Sec  2 
and  adopting  the  weaker  hypothesis  that  these  battles  obey  a  stochastic  form  of 
Lanchester’s  equations.  Such  equations  are  derived  and  discussed  by  Morse 
and  Kimball and  from  a  somewhat  more  fundamental  point  of  view  by  Brown. 
ft  is  clear  that  Eq  l.(or  Eq  5  for  that  matter)  is  Imdependent  of  the  choice  of  , 
scale  for  w  and  h.  Tllese  symbols  can  be  interpreted  variou.sly  as  numbers  of 
men,  companies,  divisions,  etc,,  without  altering  line  lorm  or  superficial  mean¬ 
ing  of  the  answers;  the  equations  are  ''essentially*  homogeneous  in  m  and  n,* 

In  Uie  equations  as  treatfeci  by  Morse  and  Kimball,  m  and  n  ai  e  stochastic  var¬ 
iables  whose  dlsperBions  are  related  to  their  magnitudes,  and  the  solutions  to 
the  equations  are  the  expected  numbers  of  survivors  and  the  dispersions  of 
these  numbers,  If  mo  and  tio  than  10,  say,  these  dispersions  seem  to 

be  in  conformity,  with  experience;  on  the  other  hand  if  mo  and  mo  as  large 
as  W  to  10”  the  dispersions  are  vanishingly  small.  (The  argument  in  App  A 
shows  that  the  solutions  of  the  set  of  equations  that  are  the  continuous-variable 
analog  of  tho  stochastic  equations  yield  zero  dispersion  about  the  solutions  to 
Eq  1.) 

It  is  clear  then  that  In  any  application  of  the  stochastic  equations  a.scal- 
ing  rule  must  be  used.  An  appealing  choice  of  a  scale  factor  is  '! 

.SF-/mo“Hio  '  (7) 

times  some  quantity  that  Is  nearly  unity,  In  osaenco  this  i,s  what  Brown  does 
in  deriving  appro.xlmate  solutions  to  the  stochastic  equations,  valid  in  the  limit 
of  large  mg  and  hq.  His  conclusion  Is  that  for  fixed  mo  and  hq  (ifi  standing  for 
Red,  n  fqr  Blue)  the  probability  that  Blue  wins  is  giyen  by 
P(u))  -  1  if  »'  >  l('2  'I 


I’fu:)  . 


r'" 


ri"2 


■  if -II']  4lil  iW2 


I’(|||)  n  0  if  II'  <  -U'l  , 


(8) 


'^Admittedly  the  definiliiin  n(  n  cnsiinlly  in  Icnn  nbvioun  win'll  m  iinil  ri  eiiuiit  corapiiiiicn  or  (liviBintiH, 
Are  10  I'omiiHiiien  the!  hnve  taken  30  perront  (■iiniiiillien  iih  effective  an  7  anncatlit'd? 
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where 


«'  “(iin/i-moz)  [d +2y)/(mo  +  Mo)l 

a 

'“j  -  2  [(l  +  2y)  (hioHIo)] 


n>2  [(1  1  (nio  +  Ho)] 


(9)* 


(10) 


2  -  (E)  l+y, 

If  111.  !ind  iiM  are  larKe  enough  we  have  approximately 

dl. 

It  is  worth  while  to  observe  that  Eq  2  can  be  rewritten 

SO  that  11/  predicts,  with  probahi  ity  or  i  -Pfi()),tho  outcome  that  Eq  2  pre¬ 
dicts  with  certainly.  P{u»)  can  bo  computed  if  niQ-^no  ,  y,  and  E  are  known.  If  the 
battle  has  been  a  true  Lanchester  bailie  then  h  is  given,  at  least  approximately, 
by  Eq  2.  Pfic)  can  then  be  computed  if  mo,  ini'.,  no,  nf,  and  y  are  known.  It  is 
assumed  for  the  ptir poses  of  Uie  following  analysis  that  one  is  justified  in  com¬ 
puting  E  from  Eg  2.  Then  y  is  the  only  free  parameter  to  be  determined.  (To 
approclate  a  later  result,  note  that  the  expressions  for  w,  mi,  and  Wj  all  require 
that  y  be  greater  than -.5.)  ..  I;  y  ; 

(.\nothor  approach,  not  adopted  horn.  Is  to  take  wq  andao  In  Eli  !)  to  stand  for  the 
Bircngths  after  known  numhors  of  casualties., have  been  Bufforod,  but  to  compute  ?,  from 
the  Initial  strengths  and  lheso  riasunllioB  as  Wforc,  P  would  then  have  been  glverTthn- 
maaning  of  the  probability  of  a  Blue  victory  If  the  combatants  had  2,ot  doolded  to  quit  at 
this  partloular  time.  There  are  snmhntio  difficulties  In  pursuing  this  course.) 

Assume  for  the  moment  tliat  Blue  (n  the  ultimate  winner)  is  always  the 
stronger  and  introduce  thefundtlon 


NItt.')  "  numlmr  of  battles  wllli  IV  <  lt>' 

Nl-oo)  •,  0 

Nb  -*)"  .N,  tbe  lot  III  nomlicr  of  bisttlca  in  oiiiiiplc. 


Then  V,,  the  expected  number  of  victories  l^y  the  stro.hger,  is  given  by 
..y,,..  .f  .  p(ir)i^“'l  div  ..  •■■■  (,li) 


iu> 

since  this  is  an  oxampie  of  a  Bernoulli  proce.ss  if  one  neglects  in  particular  the 
serial  correlation  of  victories  in  battles  of  a  given  war.  The  variance  of  the 
predicted  number  of  victories  is  slrnply 


p|«j)li-p(ui)|t(^(Mdi(i, 
(I  III 


(12) 


*f'’,r]i]ut;on  9  Acluiilly  conHtUuli’M  iin  fxlcnHion  nf  })rnwn'H  iirgninont  to  the  enne  of  dti  nrhittiiry  value  of 
y>  Rrowi)  itHHumcti  that  yr-\. 
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For  those  battles  in  which  Red  (m  the  loser)  is  stronger  P(ujJ  Is  replaced 
by'  P(-'w) .  This  KaSa  to  ambiguity  where  m  =  ti  but  w*0  and  P4  In  this 
latter  case  one  may  either  Lake  P  -  %  or  disregard  such  battles  (about  3  percent) 
For  an  actual  set  of  battles  Vj  and  tr,  will  bo  computed  from 

Vs-LQk  (13) 


”  Z1  Qj<l-Q(),  (14) 

where 


fp(wi) 

1  . 

I  1/ 

\  /2 

r  if n  -  m  jr 

LPt-wi) 

J  L"  <  ffl'J 

The  sums  converge  to  the  corresponding  integrals  of  Kqs  11  and  12  in  tihe  limit 
of  large  numbers,  Fqr  these  sums  there  are  direct  tests.  ' 

If  the  N  battles  are  broken  Into  G  groups,  each  of  .size  N/G,  one  can  com¬ 
pute  Vjj  and  0/3  (a  .=>  1,2,...,  G).  Aj^,  the  actual  number  of  battles  won  by  the 
stronger  combatant  in  the  battles  of  the  gth  group,  can  be  taken  from  Bodart. 
These  quantities  can  be  combined  as  the  parameter 


2 


which  should  obey  a  fihl-square  distribution  In  G  degrees  offfreedom.*  One  can 
also  observe  how  Vs,,  a 3,  and  x’  vary  with  y.  The  significant  test  uses  data  so 
organized  that  the, battles  of  a  given  group  have  (nearly)  the  same  force  ratio 
(see  Sec  2). 

The  argument  for  the  stochastic  equations  is  that  they  allow  for  fluctua¬ 
tions  about  the  “solution  path"  of  the  deterministic  equations.  The  validity  of 
this  approach  depends  in  turn  on  the  validity  of  an  additional  unstated  hypothesis, 
viz.,  that  military  action  during  any  of  these  excursions  tends  to  return  the  var¬ 
iables  to  values  on  the  solution  patii.  This  restoration  would  be  the  effect  of  the 
force  alluded  to  in  the  title  and  the  “Introduction,”  If  an  army  is  able  to  read 
.  In  Lanchestfir’s  equations  Its  imminent  defeat,  it  will  surely  do  everything'ln  its 
power  to  modify  the  parameters  and  the  outcome  of  battle.  To  the  extent  that 
the  stochastic  equations  remain  unsupported  in  tlds  analysis,  the  writer  feel^ 

!  the  hypothesis  of  stability  is  also  questtonable. 

4.  FORCE  RATIO,  INCIDENCE  OF  BATTLE,  AND  VICTORY 

In  a  sense  Tables  2  and  3  contain  the  results  of  this  sLudy.  For  each  Cate¬ 
gory  (meeting  engagements  or  siegc.s)  the  battle.s  in  Table  2  have  been  grouped 


*^800  Chap.  30.  The  value  (7  «  1  ia  not  exciuileJ.  Reftiiera  may  expect  to  find  K.,  rather  than 

in  the  denominaiort  The  conveulional  dcrivntion  uf  aaaumen  thnl  /I,  and  deacribe  a  PniaHOU 
procean,  in  which  case  the  variance  of  1^,  is  indeed  P'g,  U  ia  preciwcly  for  the  rennon  thnl  thin  a  noriuuilli 
prnrenM  that  ihia  different  VHrinnre  nppnnra. 
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according  to  force  ratio  R^.* 


Rf  .=  mnx  (ho/oiO'  "o/"!))- 


Thu  difference  in  these  distributions  Is  sufficient  to  merit  the  use  of  the  two 
separate  categories.  The  fact  that  the  numbers  for  Category  I  are  well  approx¬ 
imated  by  some  form  of  exponential  curve  was  first,  but  independently,  noted 

by  Smith  and  Donovan. 

Taule  2 

llisroRiCAi.  iNCinENOK  OF  Baitle 

VS  Force  [Iatio 

flange  of  force 

Category 

(late  gory 

ratio  ft/ 

fn 

Il>’ 

1-1.5 

47,1 

64 

- 

1..5-2 

251 

51 

2-2.5 

122 

51  '  ■" 

2.5-.5 

58 

38 

.3-4 

56 

69 

- 

4-^5 

.10 

37  ' 

38. 

.  5-6 

9 

“  It 

6-7 

13 

22 

.,>7 

9 

102  ■ 

*1021  batlloH. 
^472  Uattles. 


TABt.K  3 


;FRE01IKNCY  op  ViCTOliy  IIY  NOMKHICALLY  iNFKniOn  COMIJATANT 


ftaage  oi  force 
rfilio 

Cate^' 1 

T  ! 

CrtlBgory  II 

FVeRuency 

Ilaltlo* 

foughl",,, 

BBH 

Ilnttlne 

fought'* 

1-1.5 

.42 

{.4731 

.39 " 

(64) 

1.5-2 

..15  ■ 

(251) 

.28 

(51) 

2-.2.5 

.25 

(122) 

.18 

(51) 

2.5-3 

.43 

(58) 

.13 

(38) 

3-4 

.27 

(.56) 

.25 

4-5 

.37 

(.10) 

.19 

(.17) 

5-6 

.11 

..  (9) 

.05 

(.18) 

6-7 

.23 

(1.1) 

.05 

(22) 

>7 

..13 

(9) 

M 

(102) 

*Valu8n  in  porenthnnnn  nre  from  I'Rhli!  2. 

The  contontfl  of  Table  5!  are  ropenled  in  Table  3  together  with  the  frequency 
of  victory  by  the  numerically  inferiort  combatant.  Taking  Into  account  the  re¬ 
liability  of  the  data  source  the  only  possible  conclusion  is  that  for  Category  1 
battles  and  for  force  ratios  no  more  disparate  than  5  to  1  the  outcome  of  battle 
is  independent  of  the  force  ratio.  Though  Blue  be  numerically  wcakert  the  odds 

*Nnli:  that  thin  dnfinilinn  is  pnriinpn  uniqne  to  thlo  piipor  for  tho  ronnon  llmt  siio  ailackar  wan  nnl  iiiantiriM-l. 

Illirnughotil  lliis  pnpei  the  wnnin  "wenicer"  nnil  "inferior*  nre  nlwnyn  lo  he  iinilorHtocnl  in  loniiH  of  imiii- 
Lerr*  of  troope> 
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in  favor  of  a  Blue  victory  (3  to  5)  are  independent  of  whether  Red’s  numerical 
superiority  is  1.1  tn  1  or  5  to  1. 

To  test  the  universality  of  these  results  the  categories  were  .subdivided 
according  to  the  combined  strengths  of  opposing  forces  and  the  year  of  the 
battle.  Table  4  defines  12  group.s  ana  shows  the  number  of  battles  in  each; 


Tadlk  4 

Major  Gboupincs  of  nA'm.RS 


p’oren  f)r  year 

CftlRgory 

i,  ongHgnments 

II,  aiogoa 

Ry  total  forces  (itiq  t  /iq) 

2,500-2.5,000 

385 

2.52 

2,5,000-.50,000 

346 

134 

50,000-640,000 

292 

86 

'roirti 

1021 

A72 

•tafl  ■  ■  241 

4A9  178. 

2U.  ,58 

TnWl  .  lOKl  m 


By  ycHr.of  flccurronce 
151B-1792 
1 792-181 5; 
1815-190,5 


Table  8  contains  battle-^incidence  and  victory  data  for  each.  The  only  deviations 
from  the  patlerfts  in  Table  3  occur  for  Category  D:  for  the  tntdlum-sized  fohces 
(Table  5e)  and  for  the  post-Napoleonlc  period  (Table  5c),  In  both  instances  the 
frequencies  of  victory  to  the  weaker  are  roughly  constant  (like  the  general  re* 
suits  fdr  Category  I)  although  the  value  of  this  constant  is  less  (odds  of  about 
1  to  3), . 

Another  test  used  the  caijualty  ratios  and  f„  deflnedunder  Eq  3.  Thelarger 
of  these  two  numbers  Rj  was  recorded  for  each  battle,  and  Table  6  shows  the 
number  of  battles  In  CategOjry  I  for  which  Is  less  than  a  specified  fraction  R. 
For  tliosc  battles  for  which'. R^  was  in  excess  of  l/3,  Table  7  shows  the  Incidence 
of  battle  and  frequency  of  victory  by  the  weaker  combatant,  grouped  as  before 
according  to  force  ratio  Rf|, 

If  finally  in  the  light  of(ilh<!  results  in  Table  Gc  (Cat.  H),  only  the  84  battles 
In  Category  I  that  occurred  later  than  1870  (beginning  with  the  Franco* Prussian 
war)  are  examined,  it  is  found  that  even  that  bias  against  the  weaker  eombatant 
reported  earlier  has  disappeared.  For  force  ratios  loss  disparate  than  4  to  1 
the  odds  were  50-50  f.see  Table  8),  Although  it  will  be  recognized  that  this  re¬ 
sult  could  be  accounted  for  by  the  swing  of  Ju“t  .seven  baUles,  thb  irhplicatlon.'? 
for  mudern- day  battle  are  sufficiently  interesting  tn  warrant  similar  investiga¬ 
tions  of  combat  since  1905. 

Inasmuch  as  force  ratio  seems  to  play  a  minor  role  in  the  decision  of 
battle  it  should  not  be  expected  that  Laiichestor’s  equations,  which  are  built 
around  force  ratio,  will  provide  a  nice  determinant  of  Winner  and  loser.  Con¬ 
trariwise,  woT'l'ang  the  equations  backward  from  the  outcome  of  battle  to  the 
parameters  of  the  theory  is  likely  io  yield  uuBatiBhielury  rcBUlls.  The  next 
two  sections  boar  this  out. 
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TAB!„E  6 

HisroHicAi,  Incidence  of  Casualty  Ratios 

(Cntopory  1) 


Ci‘iiicai  cafliialty 
rntio  R 

lV«ction  of  biUtlen 
with  )eaa  tban  R 

•OS 

.13 

.075 

.25 

.10 

.41 

.125 

.50 

.20 

.7.1 

.25 

.82 

.3,1 

.90 

.50 

.98 

Table  7 

Incidence  of  Aaitle  and  krequency  of  Victor^ 
BY  Weaker  Combatant 


Range  of 
forcft  rstfo. 

nttllUa  with 
ftc>i/a 

p'requency  of  virtnry 
by  weaker  combnUnt 

1-1.5 

25 

.24 

1.5-2 

18 

,28 

2-2.5 

13 

.08 

2.5-3  ' 

•  5  ^ 

.20 

3-4 

4  ' 

0  i 

4-5 

5 

0  :  . 

5-6 

0 

0 

6-7 

1 

0 

>  7 

4 

.50 

Table  B 


84  Battles,  1870-1905 

(Category  1)' 


Range  nf 

Froquoncy  of  victory 

Frequencies  averaged  over 

force  ratio 

BaltieB 

by  weaker  aidd 

extended  ranges 

1-1.5 

32 

.59 

■-f  i  ' 

i  1  .49 

1..5-2 

18 

.39 

2-2.5 

12 

.42 

2..5-3 

6 

.67 

i  1  . 

3-4 

6 

.17 

i  .44 

4-5 

2 

0 

5-6 

1 

0 

f  H 

U—  1 

1 

0 

•>7 

3 

.33 

1 
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5.  RESULTS  OF  CORRELATION  ANALYSIS 


Wo  now  test  the  hypothesifi  Huit  a  set  ol'  N  battles  may  be  effectively 
“described”  by  Eq  4  with  parameters  e  and  y  or  by  Eq  6  with  parameters  e, 

(3,  and  6.  Assuming  that  the  deviations  in  r,  y,  and  z  are  normally  distributed, 
X  is  treated  as  the  independent  variable  and  the  N  values  of  x,  y,  and  z  are 
subjected  to  a  least-squares  analysis  that  yields  two  equations  in'f  and  y  or 
three  in  e,  ft,  and  6.  At  the  same  time  the  correlation  coefficients  > 

and  pyj  are  computed.  In  case  y  is  sought  (Eq  4)  the  value  of  (pxy)^  is  the 
fraction  of  the  variance  of  x  that  is  explained  by  the  hypothesized  equation  and 
the  variations  of  y.  When  solving  for  values  of  and  6  it  is  better  to  look  at 
the  partial  correlation  coefficients  pxy,2  and  pxj^y  ,  where  for  example, 


Ply  Ptr.Py't 


describes  the  part  of  the  variation  in  x  that  is  due  purely  to  y,  assuming  z  is 
held  constant  (see  Hald‘'‘ for  complete  details).  f 

Analysis  using  Eq  4  shows  the  extent  to  which  the  casualty  riltlo  is  related 
to  the  force  ratio,  and  that  using  Eq  6  shows  tlie  extent  to  which  the  Ce(sualty 
ratio  is  related  separately  to  the  loser's  and  llie  winner's  strengths.  Should 
Pxy.z  and'/6'xz,y  be  Individually  considerably  different  from  zero  but  add  up  to 
zero,  one  then  knows  that  loser  and  winner  are  contributing  equally  to  the  cas¬ 
ualty  ratio.  Should  they  be  individually  near  zero  then  one  knows,. and  the  values 
(it /3' and  5  will  confirm,  that  the  casualty  ratio  Is  sensibly  Independent  of  Initial 
•strengths.  The  linear  law  would  p|-ecUct  this  result, 

Taock  y 


ItEsoi/rs  or  CXirhelation  Analysis  Using  licy  4" 


sSabcR^Agory 

Cittegory  I 

Calegory  !I 

r)iittlesi> 

y 

P 

BnUlos^ 

Y 

P 

Ry  total  farced 
2,500-25,000 

.330 

-.51 

.35 

51 

-.52  ■ 

.600 

25,000-50,000 

32,3 

-.35 

,  .27 

49 

-.45 

..  .590 

50,000-540,000 

285 

-.42 

.  ,.30 

49 

-.43 

.570 

By  time  framo 
161H.-1792 

292 

-.50 

.37. 

75 

-.61 

.650 

1792-1815 

437 

-.35 

,24 

48 

-.27 

.48 

1815-1905 

208 

-.41 

.35 

26 

-.61 

.52'' 

By  ^nree  ru'iUj 

1-1.5 

475 

-.38 

.i:? 

n'7 
*•  r 

-.87 

.27 

1.5-3 

.371  i 

.29 

S'! 

-.37 

.32 

>  ,3 

91 : 

-..55 

,58'' 

70 

•.46 

;i  .600 

(If  fflO 

“loR  —  «  loi(  E  +  y  loK  — 
l"e  "O 

X  -  f  I  y  y 

“Any  Klight  dlBparity  between  the  nuinliero  in  ihi.n  nnlumn  nnd  cnmpnrnble  dnta  cinewhere  in  real  and  re¬ 
sults  from  dotontinn  of  errnrs  in  biHie  dntii  ns  nnulysU  procneded. 

(^Correlntion  cdelflninnt  over  .S, 
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Table  9  summarizes  the  results  for  both  Categories,  using  Kq  4.  For  all 
subcatogories  examined,  and  for  the  battles  as  a  whole,  y  v/as  found  to  be  not 
0  or  1  or  somewhere  between,  but  lying  between  -.27  and  -.87  with  typical  val¬ 
ues  around  -.5,  especially  when  the  correlation  coefficient  was  highest.  Inas¬ 
much  as  the  limits  of  integration  in  Eq  9  ail  contain  (1  +  ly)'^  as  a  factor,  it 
is  clear  that  for  mathematical  reasons  one  hopes  that  y  >  Military  theorists 
should  be  discouraged  to  find  y  <'  0,for  in  this  range  the  results  seem  to  imply 
that  if  the  Lanchester  formulation  is  valid  the  casualty-producing  power  of  troops 
Increases  as  they  suffer  casualties. 

Helmbold'  has  discovered  for  a  small  set  of  battles  the  same  effect.  Since 
he  assumes  the  validity  of  the  square  law  he  Interprets  this  result,  not  as  a 
denial  of  the  square  law,  but  rather  as  a  demonstration  of  the  dependence  of  E 
on  the  force  ratio.  Inasmuch  as  lu.'  has  not  proved  that  the  square  law  describes 
his  battles  his  explanation  Is  not  compelling. 

:  Tr,.  results  of  the  correlation  analysis  using  Eq  ^  ,  xvpmiai . in 

Tab'i'*  ih  c  t  Category  I  battle.s  and  In  Table  11  for  th  of  Cillbgot  y  II.  The 


Taih-e  10 


Hf.siii.t.s  or 

COnHF.I.ATION  ANAI.YSI.S  OF  CaI'KCOHY  1  lU 

ilfy'IG  lip 

SuLcMtuKury 

Until  cn 

f9  • 

S 

O.y  , 

Pss.y 

total  forcofl 

2,500-25,000 

8.80 

-..17 

,  -  Ai?. 

,;18 

i-i3' 

.39 

25,000-50,000 

823. 

r-.28 

-.52 

,i- 

-.ifj 

•  fla 

60, 000-540,0(10- 

286 

-.37 

—  49 

.20 

..is 

■;  ...p  .  : 

.r.i 

lly  time.frnmo 
1610-1792 

,292 

-.42 

-.59 

,24 

,01 

-.26 ’■ 

1792-1315 

437 

-.18 

-.55 

,40 

.22 

-.13  ' 

.  Il/U 

1815-150.5 

210 

-.39 

-.52 

.25 

-.08 

-.,82 

.;;9  ' 

1870-1905 

84 

-.50 

-.60 

.21 

r.l5 

-•=46 

.48 

lly  force  rolio 
r-1.5 

477. 

-.27 

-..54 

.30 

.26 

-.09 

■■  ,.!7 

1.5-3 

.371  . 

-.33 

-.54 

.27 

.05 

-.2.8 

.35 

>  3  ' 

91 

.  ...48 

-.59 

-  .48 

-.29 

-.38 

;5.8>! 

I^y  exchange  ratlo*^ 

I'  -  1.225 

76 

.20 

.20 

-.08 

.04 

.42 

-.43 

..  f'-i.n 

260 

.1.8 

.09 

.12 

.20 

.20 

-.13  ■■ 

1'..  1.838  ■ 

410 

.01 

-.05 

.16 

.14 

,02 

,07 

.ny  cUiuoliy  niiio^ ' 
0_,127 

■169 

-.54 

-.62 

.22 

-  ,V0 

-.39 

.43 

.12a-.333 

,395 

-.27 

-.51 

.32 

.11 

-.19 

,35 

>  .384 

7.5 

-.29 

-  ,56 

.34 

.12 

-.17  '( 

.86 

All  buttles 

9.89 

-.31 

.  -.57. 

,33 

.11 

-.22 

.37 

chfinged  randomly 

989 

-..81 

-.57 

.83 

.11 

-.21 

.37 

Up  10  percent, 
down  10  percent 

959 

-.31 

-..57 

.33 

.11 

-.22 

.1^7 

(Jne  ell  cHsiidltieH 

939 

-.21 

-.52 

.32 

.16 

-.18 

.31 

"c 

“loR  —  -  f  *  fi  loR  mo  ■-  8  loR  no 
"c 

j  .  ^  y  -  «  Z 

"'I'he  miniiB  nign  i.**  proper  in  tiii"  mlnmn  If  Tf  v  0. 
‘^Cnrrclnlinn  ropfficionl  over  .."i. 

^IScG  Sec  5  for  cxpinnntion  of  cxiicl  criterion. 
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Tabi.k  11 


Uksiii.ts 

OK  ConilK.I.ATION  ANAI.Y.SIS  of  CATKGOItY  li 

1  lU'ri'i.ES, 

Using  Kq  6 

SulicHtcf<firy 

BnttIcvR 

a 

S 

Pxy 

Pxz 

Pxy,  2 

Pxi,y 

fiy  total  furcOB 
2,.SQ0-25,000 

SI 

-.39 

-.87 

.58" 

-.28 

-.33 

.60“ 

2,S,000-r, 0,000 

49 

-.40 

-.53 

.45 

-  .45 

-.43 

.43 

50,000-640,000 

49 

...40 

-.57 

.33 

-.48 

-.50" 

.37 

By  t.imc  Itdmu 

161B-17y2 

7,5 

-.59 

-.62 

.43 

-.39 

-.55" 

.57“ 

1792-1815 

48 

-.21 

-.34 

.40 

-.30 

-.32 

.41 

1815-1905 

26 

K-.SO 

-.70 

.42 

.06 

-.43 

.57“ 

By  force  rollu 

1-1.5 

25 

-.69 

-.94 

.37 

..81 

-  .23 

.31 

.54 

-.38 

-.37 

.06 

-.16 

.,,.32, 

.28 

>  ri 

70 

-.35 

-..57 

.,52" 

-.32 

-.38 

.55“ 

Ily  oxcliiinfta  ratio 
('=  1.225 

6 

-.04 

-.05 

,17 

.16 

-.07 

.09 

r-iis 

20 

.21 

.16 

.1,5 

,31 

.41 

-  .32 

1'- 1.888 

34 

.10 

.15 

-.18 

-.10 

.15 

-  .21 

Ily  casualty  ratio 
0-.127 

33 

-.46 

-.46 

.12 

‘-,46 

-.67“  ' 

.55" 

.128-.333 

63 

-.39 

-.57 

.46 

-.23 

-.40 

..54“ 

>.  .334 

5  '5i,  .  " 

-.45 

-.67 

.51" 

-.31 

-.47 

,60" 

All  battioH 

■'149 

.  i-,44 

-.55  . 

..89 

-.80 

-  .49 

-..54“ 

"llonnlCH  con'alulioii  ciiefficUnt  over  .S. 

arrangement  of  data  is  the  same  as  in  Table  0,  and  direct  comparisons  can  be 
made.  It  will  bo  seen  that  th.e  values  of  p  and  6  bracket  the  values  of  y  in 
Table  9,  but  that  5  «  /i  -  .2  aiid  is  almost  always  less  than  -.5.  On  the  basis  of 
the  values  of  the  p’s,  one  would  say  that  Eq  6  does  not  give  a  significantly  better 
fit  to  the  data  than  Eq  4;  on  the  otlier  hand  the  consistency  of  sign  of  6  -  |3  is  a  / 
strong  indication  of  a  real  effect. 

I  The  next  setpf  tests  required  a  .selection  of  those  battles  for  which  the 
exchange  ratio  was  nearly  unity.  With  y  unknown  it  was  hot  desirable  to  bias 
thelj sample  in  favor  of  an  erroneous  choice  of  y.  Two  precautions  were  taken: 

j  U)  Since  Lanchester  is  being  tested,  in  terms  not  of  Eq  1  but  of  the  time- 
inqependcr.t  Eq  2,  any  exchange  ratio  used  in  this  analysis  should  be  that  perti- 
heht  1,0  Eq  2.  Combatants  will  maintain  the  same  force  ratio  throughout  the  battle 
If  lE  -  (no/wol' '  ^  or  f(io/mo)-  El-hi  i  y>.  Accordingly  It  Is  appropriate  to  define 

I Ei/ti+y)  '  ;  .  . 

and  name  it  the  integral  exchange  ratio,  ouniing  as  it  does  from  .an  integral 
rather  than  from  a  differential  equation.  1  has  an  advantage  over  E  in  that  it 
is  generally  less  sensitive  than  E  to  changes  in  y. 

(b)  For  .each  battle  two  values  of  E  were  computed— Eq  and  Ej— using 
Eq  2  and  a  value  of  y  equal  to  the  subscript,  f’rom  them  Ig  and  were  com¬ 
puted  in  turn,  A  battle  was  rejected  unless  both  In  and  Ij  fell  in  the  range 
(I',  l.'l  ),  where  I'  was  an  arbitrarily  clioEcn  constant. 
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The  test  was  perl'ornitxl  with  three  different  values  of  I 


«  1.225;  1..S;  (1.5)^^  «  1.838, 


and  the  columns  so  labeled  in  the  table.s  refer  to  the  results  of  the.se  tests. 

Since  only  for  Category  I  wa.s  the  sample  of  any  size,  only  those  battles 
are  discussed.  It  will  be  observed  that; 

(a)  ^  and  6  are  now  the  same  within  experimental  error. 

(b)  The  average  of  p  and  fi  increases  as  I'  becomes  smaller  and  that  even 
for  the  largest  I'  used  this  average  is  essentially  zero.  These  groups  constitute 
the  only  ones  for  which  the  writer  has  succeeded  in  extracting  a  positive  value~ 
of  the  exponent. 

(c) i  "f,he  par-al  correlation  coefficients  increase  systematically  as  I'  Is 
decreased,'  showing  that  a  real  effect  is  being  isolated.  According  to  the  t-test 
the  correlation  is  significant  at  the  ,p.I  percent  level  for  the  smallest  value  of 
I'  (i.e.,  when  data  are  drawn  from  a'' population  that  has  a  Gaussian  distribution 
of  errors,  in  999  samples  out  of  1000  a  true  correlation  coefficient  of  zero  woiild 
result  in  an  observech value  lefis  than  the  value  reported  here). 

By  selecting  battles  according  to  values  of  the  integral  exchange  ratici,  the 
computer  has  thus  Isolated  a  subset  of  Category  I  (almost  50  percent  of  it)  'for 
which  tine  effective  value  of  y  is  about  zero.  These  are  battles  In  which  the  two 
opponents  are  nearly  evenly  matched' (values  of  rpeajlf  unity),  Ftir  thesabattles 
more  Information  is  available,  Table  12  shows  in;  .  ff^rmat  used  earlier  the  in¬ 
cidence  of  battle  and  the  frequency  of  victory  by  tti^  weaker  side.  Note  that  in 
contrast  to  Category  1  as  a  whole  the  weaker  side  v, ''iv;  m'Jch  more  rarely  as 


;;  Taiile  12 

iNGtOBNCE  OF  BATTLE  AND  PHOnABILITY  OP  VICTORY  BY  WEAKER  SIDE 


•i 

' Hnngo  of 
force  ratio 

1.225 

1.5 

1.838 

Bnuloa 

Pfobobility 

Bailies 

Probability 

Battles 

Probability 

■'  ' 

C«t**grtry  1 

72 

.39 

1<j6 

,40 

228 

■  .39 

,  1.5-2 

4 

0 

74 

.Vrt 

113 

.26 

2-2,5 

0 

— 

14 

0 

40 

.18 

2,5-.3 

0 

3 

0  " 

12 

.17 

!)-4 

0 

3 

0 

15' 

0 

4--5 

0 

0 

— 

2 

.50 

Category  II 

1-1,5 

6 

.17 

10 

,20 

11 

.18 

1.5-.V 

0 

- 

6 

.17 

12 

.25 

2-2.5 

0 

2 

0 

5 

0 

2.5-3 

0 

— 

2 

0 

4 

0 

3-4 

0 

0 

—  ■ 

1 

0 

0 

0 

— 

1) 

the  adverse  force  ratio  increases.  For  the  larger  values  of  I'  the  incidence  of 
battle  follows  the  general  behavior  of  Category  I  as  a  whole,  but  for  I'  =  1.225 
ail  force  ratios  are  les.s  than  2  and  the  overwheiming  number  less  than  1.5. 

They  are  not  typical  of  all  battles  with  small  force  ratios.  The  identities  of 
these  76  battles  were  obtained  and  additional  informa'  .in  about  them  extracted 
from  Bodart.  In  less  tha?i  10  percent  did  the  bloody  casualties  suffered  by  either 
side  exceed  20  percent.  More  importantiy,  almost  none  of  these  battles  would 
be  called  a  “significant”  one  from  a  historical  point  of  view  (see  App  B). 

For  the  939-  -  410  =  529  battles  for  which  1  (Iq,  or  Ij ,  or  both)  is  outside 
the' range  defined  by  I'  =  1.838  the  correlation  between  x  and  y  is  so.  small  that 
it  wa,s  assumed  that  x  =  c  -  62.  In  this  case  it  was  found  that  6  =  --.328  with  (i 
correlation  coefficient  =  .29.  .By  the  t-test  this  result  is  significant  at  a  ; 
level  beyond  O.ul  percent.  How  is  it  possible  lhal  a  sel'iuf  baltles  for  which 
(i  S3  6  •«  0  can  combine  witli  some  for  which  6  ss  -l/3\.to“give  a  composite  with 
still  more  negative  values  of  fi  and  6?  The  answei;  may!  He  in  the  lack  of  ho- 
Riogenelty'ln  appropriate  valhes  of  e  (or  E  =  e' ).  For  the  76  battles  E  =  .8&7, 
for  the  410  battles  f!  sa  3/5,  and  for  the  529  excluded  battles  E  w  1/65. 

Further  to  this  point,  for  each  battle  the  value  pf  y  was  computed  (Eq  2), 
“assuming  E  =  1.  ThlsWas  done  by  iteration,  starting  from  a  |trlal  value  of 
yu;  0  and  terminating  when The  unsigned  dlsplacemontB  of  twoj  successive  iter¬ 
ates  were  less  thnn  ,01  and  not  increasing  (or  in  a  few  cases  if  the  process 
failed  to  converge).  Table  13  summarizes  tliese  calculations, for  battles  of 
Category  I. 

TAm.k  13  ,'i. 

DiSTHinUTlON  OF  y  rpR  E  -  1  1 


(Catogory  1) 

Kor 

I^’or 

Irh 

r<o 

y>0 

.  .1  y  1 

y  <0 

y>Q 

O-.l 

.!«— A4- 

1-2, 

113 

96 

.1-.2 

14 

1.8 

2-3 

53 

61  ■ 

I.-; 

1.8 

■3-4 

29 

31 

14 

1.7 

4-5 

lu 

,1.5 

.i-.r> 

14 

21 

5-0 

16 

1.3 

.5-.6 

20" 

17 

6-7 

,  7 

14 

.6-.7 

18 

18 

7-e 

8 

4  ' 

.7-.B 

1.1 

■15 

B-0 

. ..  2,. 

,2^ . 

.8-.9 

18  . 

14 

9-10 

5 

2 

.9-1.0 

12 

■-■  i 

>  10 

0 

29 

Although  the  computer  print-out  contains  the  information  necessary  to 
get  least-squares  Ves  for  log  E,  only  a  few  values  of  E  thus  derived  have 

been  computed  a».  ■  aorteci  because  the  process  of  solving  for  logarithms  by 

least  squares  gen  leads  to  very  poor  values  of  the  antUogarithn).s. 

Data  on  two  •  hci  typos  of  tests  are  contained  in  Tables  10  and  11.  Let 
tlie  upper  casualty  ratio 
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bo  computed  for  each  battle  (sec  Table  (3).  The  values  of  p.  and  fl  for  tliree 
ranges  of  R^,  are  reported. 

Finally,  modiflcatinns  in  Bodart’s  casualty  number.s  were  made  to  test 
the  sensitivity  of  the  i  e.suU.s  to  errors  in  the  report.s.  In  one  test  was  mul¬ 
tiplied  by  the  factor 


IiO.Zh,, 

where  rtf  was  a  random  number  generated  for  each  battle  by  a  rule  (the  niimbers 
tabulated  by  Suhler'’’ were  used)  that  afjsured  that  the  set  of  n’s  was  normally 
distributed  with  zero  mean  and.  unit  variance,  truncated  at  |n|  =  4,  In  another 
le.'jt  all  fit’s  were  decreased  by  10  percent  and  all  nit’s  increa.sed  10  percent. 

In  the  final  test  and  in  this  one  Instance  all  casualties— dead,  wounded,  miss¬ 
ing  and  captured— were  Included  in  the  analysis. 


a.  RESULTS  OF  STOClIAvSTIC  ANALYSIS 


Figure  2  shows  a  histogram  of  the  observed  distribution  of  Valiie.s  of  m 
with  the  results  for  y  u.  0  .superposed  on  those  for  y  =  1.  For  the  construction 
of  Fig.  2,  n  alwaysfslands  for  the  winner  and  m  the  loser  In  Eq  9.  As  a  hesult 
the  successes  of  prediction  arc  regi.htcrcd  to  the  right  of  the  abscis.sa  iii  =  0, 
the  errarfii  of  predietloH  to  the  left.  A  few  values  beyond  -100  and  +200  have 
not  been  lilustn'ted.  For  the  Category  I  batties.,snmniai'izcd  in  Fig.  2,  Brown 
is  76,4  percent  cor.roct  in  predicting  the  outcome  ot  battle  if  y  =  1,  77. f(  percent 
correct  for  y  =  0.'  There  is  little  to  choose  between  y  =  0  and  y  =  1  on  this  basis. 
The  center  of  gravity  iw(y)  has,  valufes  of  55  and  74  for  y  =,  1  and  0,  respectively, 
and  achieves  Its  maximum  value  of  85  at  y.”  '  .32,,  j 

Since  P(iv)  is  essentially  zero  for  w  <  -5. and  essentially  unity  lor  tv  >  +5  li 
It  follows  that  to  the  scale  of  Fig.  2  a  plot  of  Pfiv)  becomes  essentially  tlie  unit  j 
step  function  wltli  the  jump  at  iv  -  0  (see  Fig.  3).  [This  is  another  way  of  saying  'I 
that  In  spite  of  the  scale  factor  introduced  by  Browh  (see  Seq.  .?  ql  this  paper)  3 
the  predictions  of  outcome  by  stochastic  and  delerminjlstle  forms  of  Lanchsater’s 
equations  are  almost  Identical.] 

To  this  approximation  V,  and  17“  become 


,  .  J  **  0.(lN(ic)  + J 


hiiNiiih 


^NM-N(O) 

■  “  nHmbcr  of  liattlas  wilh  iV  >  0, 


-  h  lNtO+)-..N  (0~)1 

«  lii  (pimilmr  nf  ImttloM  with  w  '^tuctly  zero). 


Thus  Brown,  however  right  or  wrong,  is  rarely  In  doubt  about  the  outcome  of 
bailie. 

The  20  to  25  percent  erroneous  predictions  lire  largely  compensatory,  as 
a  more  detailed  analysis  shows.  For  the  usual  939  battles  of  Category  I,  it  is 
found  lliat,  using  Eq.s  13  and  14,  Brown  “predicls”  621  victories  by  the  strongei' 
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with  i\  standard  deviation  (a,)  of  3.2  battles;  596  actually  were  so  won.  Simi¬ 
larly,  for  149  battles  of  Category  II,  123  victories  were  predicted  with  a  stand¬ 
ard  deviation  of  1.3  battles;  121  occurred. 

Table  14  shows  a  more  detailed  picture  of  prediction  and  actuality,  giving 
the  numbers  for  each  of  31  groups  of  Category  T  and  12  groups  of  Category  II. 
The  battles  vvere  arranged  in  order  of  value  of  R|',  and  i  groups  were  formed 
in  sequence  from  this  list.  Table  14  is  thus  a  variant  of  Table  3  with  different 
ranges  of  P.f.  The  correspondence  between  prediction  and  outcome  is  remark¬ 
able,  especially  for  Category  II.  The  coefficient  of  correlaticm  between  Vj  and 
A,  Is  pvA  =  0.885,  the  square  of  which  is  0.79  and  the  same  as  the  fraction  of 
correct  predictions.  In  the  case  of  Category  I,  is  only,  0.436,  because  there 
is  a  real  variation  of  prediction  with  force  ratio. 

Brown’s  choice  of  scale  factor  is  not  unique,  One  can  be  constructed  that 
is  closer  in  form  to  what  would  be  expected  on  esthetic  grounds  from  Lancheslej- 
equations:  .SF  =(rtn/z)  +  woz)^.  *  Then  ui  is  i 

knd  iDi  and  u)2  merge  to  the  common  value  ! 

There  is  a  slight  Impirovement  in  Iho  range  of  force  ratio  6ver  which  prediction 
and  observation  are  in  accord  for  category  I. 

For  the  values  of  Vj ,  Aj,  and  a,  given  above  and  G  s  1  (one  degree  of  free¬ 
dom)  onefinds  a  x’  of  62  for  Category  I  and  of  3.3  to  3.8  fo.r  Category  II,  The 
probability  associated  with  X‘  in  this  latter  range  lies  between  5  arid  10  percent, 
and  the  dispersion  of  Category  II  results  is  not  significant,  though  the  dispersion- 
of  Category  I  data  requires  another  explanation.  (See  Sec  3,  first  paragraph.) 

If  al  ls  CQi,npiitod  for  each  of  the  groups  defined  In  Table  14,  X^,  becomes 
much  larger  on  account  of  the  distribution  of  the  in’stior  several  of  the  groups 
the  value  of  F(l-  P)  for  every  battle  is  less  than  IQ-i.  When  the  groups  are, 
aggregated  X*  may  be  reduced  markedly,  but  not  below  the  values  quoted  above. 

It  can  be  said  that  the  step-function  behavior  of  P{uj)  explains  much  of  the 
.results  in  Table  3,'ibut  not  the  outstanding  feature  of  Category  1  battles.  The  re¬ 
sults  for  Category  n  encountered  Jn  Tables  3,  9,  and  14  make  more  sense  than  ■ 
those  for  Category  I.  The  explaiujtion  may  be  simply  that  there  is  rnrely  any 
dovibt  about  the  outcome  of  an  attack  on  a  fort;  history  and  Brown  are  very  .. 
likely  to  agree  in  these  cades.  p|i!rhaps  Ihe  outcome  of  some  of  the  Category  I 
battles  were  better  called  Indecisive,  a  cla.ssification  here  ignored.  If  these 
draws  were  eliminated,  the  two  Categories  might  appear  much  more  alike. 
Possibly  the  real  reason  for  the  diflerent  behavior  of  the  two  Categorio.s  is 
that,  viithout  any  special  care  taken  to  ensure  this  result,  Blue  is  almost  al¬ 
ways  the  attacker  in  Category  n.'i  It  is  highly  unlikely  that  the  attacker  in  these 
situations  was  the  occupant  of  the  fortified  position,  sallying  forth  against  a 

*One  advantf!f;r  nf  this  clioicfi  in  tlifit  ii  in  then  penniltln  to  nonnlnict  an  nnnlogO‘.:ii  atneliaHtin  tltuav)' 
around  thn  .aoyn-tnii.tui:  (Kti  r.J  formulation  of  f  .nnchcstnr’n  nquntinriK  witiunil  iiiiiitiryinu  l.rown’a  unolvnis. 
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Table  U 


F^rewctrd  and  OnsERVRD  Battl.e  Victories 


V, 

.k 

A,' 

f  ^ 

IW 

y.O 

y-  1 

Category  I  (31  Battlea/Groiip) 

1.020 

17.50 

17..50 

fll 

1.071 

13. M 

13.19 

17 

.488 

1.100 

17.00 

17.01 

16 

1.128 

19.00 

19.01 

19 

1.167 

23.14 

23  >20 

24 

.348 

1.200 

19.00 

19.00 

22 

1.217 

9.01 

9.02 

10 

i.2ri0 

16.01 

16.02 

18 

.532 

1.275 

18.50 

1B„50 

19 

I. .520 

16.59 

16.96 

15 

1.361 

21,50 

21.50 

20 

1.400 

19.90 

20.00 

22 

1.444 

22.99 

22.97 

16 

1.500 

22.08 

22.12 

17 

,300 

hSOO 

20.00 

20.00 

21 

l.!)63 

18.00 

18.00 

20 

1.6.55 

21.00 

21.00 

18 

.344 

1.667 

22.00 

22.00 

23 

1.778 

24.00 

24.00 

rv3 

1.833 

23.00 

23.00 

22 

.27,1 

1.944  . 

20.77 

20^73 

20  . 

2.000 

21.50 

21.50 

18 

2.000 

24.50 

24..50 

20 

.269 

2.250 

22.00  . 

22.00 

IS 

,.  ■■  ‘ 

2.400 

2S.00 

25,00 

23 

• 

2.667 

“isrso 

24.50 

19 

■.il22 

3.000 

22.78 

22.82 

19 

3.409 

23.00 

28.00 1 

20 

4.167 

23.00 

23.00 

21 

.269 

6.714 

22.00 

22.00 

19 

13- 

8.00 

e.0() 

6® 

Category  II  (13  nattlea/Croup) 

1.235 

8.97 

8.92 

9  ■ 

1.571 

7.00 

7.00 

7 

1.786 

12.00 

li.Ci 

ID 

2.143 

12.00 

12.00 

12  v 

2.500 

10.00 

10.00 

10 

3.000 

12.00 

■  12.00 

11 

3.617 

8.85 

8.77 

9 

5.000  ■ 

9.50 

9,51 

10 

6.154 

12.00 

12.00 

13 

7.750 

12.00 

12.09 

13 

16.000 

13.00 

13.00 

12 

71- 

6.00 

t.OO 

s' 

"BroattpoiniH  in  vniaes  of  nond  in  forming 

grojipH. 

"Victorien  to  atrongor  proJIcCod  V 
<^AcUaI  vtcloriaa  to  ruobger  oat  of  31  battlaa 
Pfv  group  ia  Category  I  and  13  ia  Category  11. 

^Fraqaency  of  victory  to  weaker  predicted  by 
Brown. 

^Nine  battles  in  tbia  group.  . 

^Sil  battles  ia  ibis  ip’nap. 


surrouncilnf;  ai-my  in  tho  field.  If  all  battles  had  been  sorted  by  attacker  and 
defender,  a  higher  measure  of  accord  might  be  found  between  fact  and  theory. 
The  fact  romnins  that  the  results  reported  here  are  completely  independent  of 
y  and  only  weakly  dependent  on  force  ratio. 


1.  RESUME 

On  account  of  the  use  made  of  Lanchester’s  equations  in  analyzing  war 
games  it  would  have  been  deslr.ible  to  know  who  was  the  attacker  i.n  these 
battles  and  how  iiiany  battles  really  ended  in  a  draw.  In  spite  of  this  om  is  .si  on 
it  la  believed  that,  by  means  of  the  foregoing  tests,  the  following  observations 
may  be  made  for  the  battles  studied; 

(a)  In  general,  force  ratio  has  little  to  do  with  predicting  the  outcome 
of  battle, 

(b)  Lanchester’s  square  law  is  the  poorest  among  poor  alternative 
choices  of  deterministic  laws-rreisults  are  insensitive  to  y. 

(c)  By  elimination  it  is  presumably  the  exchange  ratio  b  that  has  con¬ 
trolled  the  outcome  of  battle  and  is  in  some  fiisliipn  responsible  for' the  accu¬ 
racy  with  which  Brown’s  form  of  the  stochastic  equations  explains.  Table  3 . 
Although  the  expression  given  by  Eq  2  apparently  yields  by  hindsight  a  satis- 
faetpry  estimate  of  E,  there  is  no  theory  for  E. 

The  writer  concludes  that  in  the  absence  of  any  method  of  predicting  E 
reliably  there  is  little  value  in. a  simple  version  of  Liinchester's  equations 
as  a  predictive  tool  where  the  only  known  quantities  are  initial  strengths. 
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Appendix  A 

PROOF  OF  CONVERGEiNCE  OF  SOLUTION  OF  STOCHASTIC 
EQUATIONS  TO  DETERMINISTIC  FORM 


For  .a  square-law  environment  Morse  and  Kimball'''  give  the  following 
differential-difference  equation  for/ the.  probability  P(iii,n,  t)  that. at  time  i  there 
remain  m  Red  survivors  and  n  Blue  survivors 


-Ap  l)  "  mEX  ifP  (m,n  +  1,()-P  (m,  a,  (11 
it  I 

»  +  I'P  (w  +  1.  n,  t)  -  P  (m,  (I,  ( )1 


whose  right- band  side  can  be  rewritten: 


CAl)  : 


An  Am 


'  (m  +  l)-ra 


in  an  obvious  notation.  If  we  now  assume  m  and  ti  to  be  conlinuous  variables 
and  allow  Am  and  ah  to  approach  zero,  Bq  A1  becomes  / 


'A  i?n  vm 


(A2) 


Three 'elementary  changes  of  variable  bring  about  the  further 'transformations 


New  Vftflnblefl 


New  Bquoiiun 


I  -  ml5lt 

y  »  iiET'K  ■ 

in. 

di  " 

xi-P.yiE 

;  (A3) 

u-jriy 

V  »  x-y 

- 

at  ' 

du  dt>  ;; 

r  loy,  u 

S  =  lop  V. 

£P  __ 
Tt " 

iE  -  jp 

dr  ,  ds 

(A4) 

The  canonic  equation  for 

Eq  A4  Is 

a  .  V  PC**,  y,  z)  w  0, 


(A5) 


where  a  is  any  constant  vector.  Equation  A5  says  that  the  gradient  of  P  van¬ 
ishes  1h  the  direction  of  o;  or,  P  Is  a  function  of  only  the  coordinates  In  the 
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plane  normal  to  a.  Tlie  projection  of  the  vector  r  -  ii  +  jy  t-kz  on  this  plane  is 

«xr  «  KflyZ-ajj)  I  |((i,ic-«jZ)  +  k(aiV-<iyi),  ^ 

and  Paimst  depend  on  x,  y,  and  z  only  tlirough  those  combinations  that  must 
appear  In  U.  Since  any  of  these  components  is  a  linear  combination  of  the 
other  tv.-o,  there  are  only  two  degrees  of  freedom,  and  one  may  say  that  a  gen¬ 
eral  sointion  of.  Kq  .«!>  is 

P  "  P(«y2-aiV,  Oji-Hji), 

an  arbitrary  function  of  two  of  the  coordiiiates  of  a  x  r . 

Returning  to  Eq  A4  and  using  the  previous  argtiment  one  finds  that  its 
solution  can  be  written 

p  -  P(t-s,  t  +  r), 


which  with  some  manipulation  becomes 

P^Ptz-'U-y),  eKx  +  yl). 


(A6) 


for  a  battle  whose  initiation  at  i  =  0  is  described  by  x  =  xq  ,,and  y  =  yg 
the  value  of  P  then  is  P(.l  -0)  =  P(xo-yo,  xo  +yo).  If  the  initial  values  .of  t  and  y 
are  certain  then  . ' 


P(0)  -  2-S[i-y-(iD-yn)}’  St.t  i^y-t.to+yfl)] 


(A  7) 


in  conformity  with  Eq  A6.  Th§  6  functions  are  the  usual  unit  impulse  functions 
In.  Dirac’s  notation,’*  It  is  ea^y  to  show  that  PJq  A7  is  more  .simply  written 


11 

P(^)  -SU-XofiSty-yoh 


(A8). 


•  i..  V-'*  1  ■  '/ 

'which  establishes  the  normalization  given  in  Eq  Al.;/ 

To  got  the  complete  solut!jo|  that'possesnes  Eqs  A7  or  A8  as  Initial  value, 
subatitute  xi  for  and  >]  fdf  in  Eq  1  and  put  y  iind  g  equal  to  unity. 
The  resulting  differential  equations 


<1X1  ; 


'  Knil 


dyi 

— -  -  Xo 
Jl  ■ 


have  the  solutions 


•Jr 


fxij  f 

JfoT 

■yo' 

r  cosh  t  - 

tyii  1 

/VJ 

.*0, 

»inh  I 


I  «'-'(X]-y,)-io-yo  .] 

■  c'(Xi+yjl  -Xoiy,)  '[ 

/• 

It  is  plausible  (and  provable)  that  the  desired  solution  to  Eq  A3  is 
P  (i,y,l)  -  ?.'5  [e“'(i-y)-(xci-yo)l  •6lt'(x  +  y)-(xo  +  yoil, 
which  with  the  help  of  Eq  A9  becomes  i 

P(i,y,l)  -  2- S  ri-y-(X]-yiil.Sl'x  +  y-(*i  +  yi)l 


(A9) 
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or  finally 


P\r.,v,l) -S(x-ij).S(y-yil 

in  the  pattern  of  Eq  A8.  Utilizing  the  identity 


we  get  from  Eq  AlO 


fPU.y.i) 

(ft 


\x-*,  y-yi/ 


PU,y,l) 


iii-p - 'L.  p 


I  o_p  p  = - p, 

3y  y-y,  y-y, 

where  the  last  expressions  in  the  second  and  third  lines  follow  from  the  known 
properties  of  6  functions.  Thus  Eq  AlO  satisfies  Eq  A3. 
ii  It  has  now  been  proved  (a)  that  the  solution  to  Eq  A1  assigns  zero  proba- 

biiity  to  any  values  of  m  and  n  at  any  time  t  for  which  m  and/or  n  is  given 
by  the  solution  of  Eq  1  with  y  and, g  set  equal  to  unity  , and  (b)  that  by  virtue  of 
„  Eqs  A6  and  A9  it  assigns  the  same  measure  Of  certainty  to  I’fm,  n,  t)  that  it  does 
;  to  P(mo,  Hq,  0)  provided  m  and  n  are  solutions  to  Lanchester’s  square  law  evolv- 

■i  itig  from  initial  values  Wfl  and  rto- 

rinall5f  it  may  be  shown  that  the  integral  fu'^P(x,  y,  t)  dt  is  a  5  function  that 
,  vanisfieS  unless  r  -- ri  and  y  ^=yi  for  every  value  of  t.  so  that  zer6  probability 
I  is  af/slgned  to  anv  battle  that  departs  at  all  from  an  ideal  squa,re-law  behavior. 
J  QED',  ",  - 

For  values  of  y  differ^t  from  1,  difierent  nieiho^ds  must  be  used  since 
Eq;l  capnot  in  genoral  belntegrated  in  closed  form  and  no  appropriate  analog 
of  Eq  A§  , exists " 
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Appendix  B 


CATEGORY  I  BATTLES  THAT  CONFORM  MOST  NEARLY 
,T0  LAjNCKESTER’S  LINEAR  OR  SQUARE  LAW 

As  indicated  In  flhe  Summary  and  in  Sec  5,  a  list  of  those  battles, of  Cate¬ 
gory  I  that  conform  most  nearly  to  Lanchester’s  linear  or  square  law  is  pre¬ 
sented  heirs.  (The  spellings  are  Bodart’s.) 


niuit« 

Year 

Winner 

Loner  i 

ffimpfttft  '!  }( 

1622 

HUE,®  Sjiala 

Oonnen  inaurgenta 

Klaurua 

1622  ■„ 

GeniMu  in»ar^«QU 

IIIIE,  Spain 

Mulhftuflcn 

1674  !v 

France  i 

HUE 

Lund  . f 

1676 

Sweden  — L 

Denmark 

St  Uofiia 

1678 

.  France 

Holland,  Spain 

Sieetiktrte 

1692 

France 

Allien 

Olnschln 

'  1696  - 

Turkey 

'■HHE  , - ' 

niecifofon  — 

.-1.703 - 

F?2Qcc,  Spiiia__.. 

.Knfflnnd.  Holland 

Speyor 

1703 

France  , 

HRE,  HoHand, Prussia 

llochstadt  (nienliBim) 

1704 

Fngluhidy  Holland, 
PruesiBfHRK 

France,  Bavaria 

Ti(rir 

1706 

IIRIO,  Piedmont 

France,  Spain 

Outlenardo 

a  M08 

Kngland,  Holland, 

HliE 

'|l  France,  .Spain 

Coni  (Madonna  deU'OImo) 

1744 

France,  Spain 

jy  _Auatrin,  .Snrdirtja 

y  I.nwfeldi  (l.sffcll) 

1747 

Fronce 

Englsndi  WolUii^p.. 

Austria 

f  Lobusitz 

1756 

Pmsaia' 

Austria 

i  LuttBrnberg 

1758  ' 

Franco 

Hesae,  Ilpnovar 

Kanerndorf 

1759 

Rui<taia,  Auatrin 

Prussio 

Worburg  ^ 

!7fi0 

Eiigli^nd,  Germany 

P'rsnce  >, 

Liegnitz 

.  1760 

Pruiaia 

AuaUift 

Tofgau  ' 

1760 

Prueeie 

Anetria,  ^ 

Burkgradorf 

1762 

Pruenia 

..A-jairia' ■■ 

i'  Stiilwatar  r  .  -  - 

1777 

Americo 

England 

jl  Neerw/tndflfti 

1793 

Anetria 

Prance 

Wnltigniaa  i. 

1793 

France 

Allies 

I  loano 

1795 

France . 

Au'atria,  Sardinia 

NoJteahelm 

1796 

France 

Austria 

F'fnmeiulieitgeii 

1796 

Austria 

France 

Cnldiero 

1796 

Austria 

France 

"iloiy  Roman  Empire^ 


fiatlle 

Yenr 

Winner 

Loser 

Verona^ 

1799 

— 

Magniinn 

1799 

Austria 

I''rniice 

Novi 

1799 

Austria.  UtisHin 

France 

Sun  d’Albaro 

1800 

Krnnce 

Austria 

Rtigtin  and  Stnckach 

1800 

Monte  Heccn 

1800 

Marengo 

1800 

Noubufg 

1800 

Mincio 

1800 

Gunxhurit 

1805 

f 

Caldiero 

1805 

Austria 

F'ranc© 

PreiBsisch-Eylnu 

1807 

Franco 

Hunala.  Prunsia 

Mcd\aa-iif-Rio"Secn  ■. 

1808 

France 

Spain 

Es;'  is*  ?HH»d<‘-loB-Montero^i 

1808 

France 

.  Spain  , 

Satii«, . 

1809 

Austrin 

Franco 

Regenaburg  v 

1809 

France 

Austria 

Haab  (Gy3r) 

1809  ■ 

France  ’ 

.Austria 

Talavera  de  la  Reina 

1809 

England,  Spain 

France 

Schumla 

1810 

n’utkcy. 

Rus^iii 

Murvindra  (Sagunto) 

1811 

Fruneft  .> 

'  Spain 

Jokubovo 

1812 

Itiisaia 

bronco  , 

.  Tachaacbnikt 

.  1812 

Ruanin 

brancfi 

Woikowiflk  (Izabeiin) 

1812 

Ai!8tri"j 

Russia 

Froheb 

Vitoria 

,,nw 

England,  Portugal, 

France 

•• 

-Spain 

Hagalberg 

1813 

.  Prussia  , 

France 

Bayonne 

1813 

F.nglund,  Poriiignl, 

Froppo 

.Spain 

: — Btranne  — 

181d 

France  _  _ 

Pnissifli  Ruesia,, 

1814 

.  France,  Italy 

Austrio  . 

18U 

Englimd,  Pofnignl 

nee 

Lvn;-,  ?•  *  ^  . 

.  ’.8U 

America 

Foglpnd 

Wavri)  ,  ■ 

1815  : 

.France 

Pruasin  : 

1681 

Poland 

RuBofa 

1848 

Aualrln 

Sardiniia  ')'■ 

1849 

Auntrla 

■  Sordinin 

1859 

,  France,  Sardinia 

AuslrU 

Pea  Ridge  » 

1862 

on 

Conlodor((cy 

1862 

Confederacy 

Uni 

01)  .“'"lb’’ 

Pralria  Grove" 

1862 

Onion 

CaOrttederAcy 

Murfreeiboro  (Stonrn  Rivot’) 

1862/3 

Union 

Confoderncy 

Qber-Selk  and  Jagel 

,1864 

Aualrln  , 

Donranrk 

Opcwry’n  Binff 

1864 

Coilfcdrrncy 

Onion 

UojiMbninD 

1866 

Prwssln 

'  Bnvhrln 

Spi  .baren 

1870 

Germwny  i 

France 

Bi'iriwvtr 

1870 

t- 

A:'iiv!IO 

1870 

1 

Nn;..^  ■  ■ 

1870 

T 

1B77 

UuNsin  ' 

Turkey 

Llao-Jnng 

1904 

Russia 

I'lndeciiiive  balllo  bp''vc(>r  !  n  nce  and  Aiimria.  Auniriii  niiBUmed  victorion*. 
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